We consider the spontaneous breaking of supersymmetry in five dimensional supergravity with boundaries where the supersymmetry breaking mechanism is provided by the even part of the bulk prepotential. The supersymmetric action comprises boundary brane terms with detuned tensions. We analyse the possible vacua with spontaneously broken supersymmetry. A class of solutions corresponds to rotated branes in an AdS 5 bulk. In particular parallel branes which are rotated with respect to the bulk preserve 1/4 of supersymmetry. We analyse more general vacua using the low energy effective action for gravity coupled to the radion field. Supersymmetry breaking implies that the radion field acquires a potential which is negative and unbounded from below. This potential is modified when coupling the boundary branes to a bulk four-form field. For a brane charge larger than the deficit of brane tension, the radion potential is bounded from below while remaining flat when the charge equals the deficit of brane tension.
Introduction
Supersymmetry breaking is one of the stumbling blocks of physics beyond the standard model. String inspired models suffer from the impossibility of breaking supersymmetry at the perturbative level [1] . Non-perturbative mechanisms such as gaugino condensation provide a useful framework [2] , although one has to resort to race-track potentials which are not free from fine-tuning problems [3] . An appropriate way of breaking supersymmetry would have to face stringent experimental constraints springing from both particle physics and cosmology. In cosmology, the cosmological constant issue requires to adjust the vacuum energy to almost zero energy compared to the Planck scale [4] . This is difficult to reconcile with supergravity breaking where one expects a vacuum energy of the order O(m 2 3/2 M 2 Pl ). In particle physics, one expects that the non-observation of superpartners is due to a large mass splitting of the order of one TeV within supersymmetry multiplets.
Recently a new paradigm for supersymmetry breaking has been provided by extra-dimensional models [5] . In particular D-branes [6] allow new mechanisms of supersymmetry breaking. For instance supersymmetry breaking may be transmitted from one brane to another by bulk fields leading to hierarchical energy scales [7] . One can also design brane anti-brane configurations which break all supersymmetry [8, 9, 10] and non-supersymmetric branes which tend to be unstable objects [8, 11] .
In this paper we will focus on a simpler framework, i.e. the supersymmetric Randall-Sundrum model where bulk supergravity is coupled to two boundary branes [12, 13, 14, 15, 16, 17, 18, 19, 20, 10, 21, 22, 23, 24, 25] . In particular we will be interested in spontaneously broken supersymmetry whereby branes become tilted, i.e branes which are not hyperplanes at constant x 5 when the bulk metric reads ds 2 = dx 2 5 + a 2 (x 5 )η µν dx µ dx ν .
In section 2 we will consider the supersymmetric Randall-Sundrum model spontaneously broken by the even part of the bulk prepotential [10] . This amounts to detuning the tensions of the boundary branes by a factor T < 1. In section 3 we present a class of solutions representing rotated branes. These branes are hyperplanes at angles. In the non-singular case of rotated and parallel brane configurations, Lorentz invariance is broken down to SO (1, 2) . In section 4 we find the Killing spinors for parallel branes preserving 1/4 of supersymmetry. We also consider the massive gravitini showing that they do not survive due to the incompatibility between the boundary conditions on the branes and the propagation in the bulk. Finally in section 5 we analyse supersymmetry breaking from the four dimensional point of view using the low energy effective action. This allows one to discuss generic supersymmetry breaking vacua. We find that the radion potential is negative and unbounded from below. Hence cosmological solutions all end up in a big crunch singularity while static solutions lead to intersecting branes. Finally we couple the boundary branes to a bulk fourform field. One finds a BPS bound linking the charge to the deficit of brane tension. When the charge exceeds the BPS bound the radion potential becomes bounded from below with a vacuum corresponding to infinitely far apart branes. The BPS case when the charge equals the deficit of brane tension leads to a vanishing potential for the radion field. In section 6 we give some comments and conclusions. We have also included an appendix where the equivalence between a single AdS 4 -brane and a rotated brane has been made explicit. Another appendix deals with details about massless gravitons and rotated branes.
2 Supergravity with Tilted Boundary Branes
Boundary conditions on tilted branes
We extend the known supersymmetrization of the Randall-Sundrum model [15] to the case where the boundary branes are tilted. In particular we deduce a supersymmetric Lagrangian and associated boundary conditions which are compatible with arbitrarily curved boundary branes. The issue of supersymmetry breaking by the tilting of the boundary branes will be tackled in section 3. Let us consider pure supergravity in the bulk comprising a supergravity multiplet containing the metric g ab , a, b = 1 . . . 5, the gravitini ψ A a where A = 1, 2 is a symplectic index (the gravitini are Majorana-symplectic spinors), and finally the graviphoton A a . The graviphoton can be used as the gauge field when gauging a U (1) R subgroup of the SU (2) R symmetry. Such a gauging implies the presence of a cosmological constant −6k 2 in the bulk and modifies the supersymmetry variations (with the normalization of [26] )
The bulk bosonic action reduces to the AdS 5 action
admitting a bulk solution of the equations of motion in the form [12] 
where a(x 5 ) = e −kx5 is the warp factor. We would like to define supergravity on a Z 2 orbifold with arbitrary boundary branes. To simplify matters we assume that the boundary branes are located at
where ξ 1,2 are infinitesimal displacements. In order to define a covering space it is convenient to perform a change of coordinates which straightens up both branes defininĝ
where the function ξ 5 must satisfy
The resulting branes are located at
The simplest possibility for ξ 5 is provided by a linear function in x 5 . One must accompany the change in x 5 with a small change of four dimensional coordinates [27] 
Such a transformation implies that the metric is not in a normal Gaussian form anymoreĝ
where ξ 5 = ξ 5 and
The main property of the change of coordinates where the branes are straightened up is thatĝ
Defining the radion as the distance between the boundary branes
one finds that it is independent of the choice of ξ 5 . We can now define the Z 2 action in the (x 5 ,x µ ) coordinates by compactifying thex 5 coordinate on a circle of perimeter 2ρ and identifying (
The two boundary branes are now fixed points under the Z 2 action. In the non-gaussian coordinate system, one can impose the usual boundary conditions on the fields which acquire the usual parity under the Z 2 action. Thusĝ µν andĝ 55 are even,ĝ µ5 is odd,Â µ is odd whileÂ 5 is even. The gravitini have particular boundary conditions
and
on both branes where we have introduced
and n a is the normalized normal vector to the brane whose fifth component is chosen to be negative. We have also used a matrix Q A B in the Lie algebra of SU (2). Finally, the odd fieldsĝ µ5 andÂ µ vanish on the branes.
We can now perform the inverse change of coordinates going back to the situation where the branes are tilted and the bulk admits Gaussian normal coordinates. As already stated the g µ5 component of the metric vanishes in both frames. This leads to no restriction on the metric from the Z 2 symmetry. We will focus on the boundary conditions for the gravitini in the supergauge A 5 = 0 and ψ A 5 = 0. Indeed we will analyse the mass spectrum of KaluzaKlein states for the gravitini using this constraint in section 4. The boundary condition of the graviphoton on the brane becomes
while the two boundary conditions for the gravitini become
supplemented with
Here the normal vector reads
These boundary conditions will be crucial in determining the spectrum of gravitini. Finally the boundary condition for the spinors parametrizing the supersymmetric variations is (δ
on the brane.
Supersymmetric action
Let us come back to the supersymmetrization of the brane and bulk system. To do that we need to specify the prepotential in terms of even and odd functions under the Z 2 symmetry [10]
where the matrices Q and Σ anticommute {Q, Σ} = 0 and Q 2 = 1, Σ 2 = 1, together with the Lie algebra properties of hermiticity and tracelessness. The function ǫ(x 5 ) jumps from -1 to 1 at the origin and from 1 to -1 at ρ.
The variation of the action under a supersymmetry transformation of spinor ǫ A leads to boundary terms from the gravitino kinetic terms. More precisely the action of the fifth derivative on the odd part of the prepotential leads to delta-functions which can be compensated by the variation of the boundary action [10, 21] 
where h µν is the induced metric on the brane. The action comprising the bulk supergravity Lagrangian and the boundary brane terms is supersymmetric. Notice that the factor T < 1 introduced in the prepotential and parametrizing its even part leads to a detuning of the brane tension with respect to the tuned Randall-Sundrum case T = 1. In particular we will see that as soon as T < 1 supersymmetry is spontaneously broken. The boundary brane action with T < 1 implies that static branes sitting at constant x 5 in the bulk are no longer vacua of the theory.
3 Rotated Branes and Lorentz Invariance Violation
Rotated branes
One can easily find a class of vacua of the spontaneously broken models T < 1. Going to conformal coordinates
in the bulk where a(y) = 1/ky, one can accomodate the change of boundary conditions induced by the detuning of the brane tensions by rotating the boundary branes with respect to the y axis. The angles of rotation are determined by a tilting vectors h
Notice that this vector is space-like. The branes sit at
These are hyperplanes in conformal coordinates. They correspond to rotated brane which may be also moving if h 0 = 0. In the following we will refer to this brane configuration as rotated branes. As T < 1 one might have expected AdS 4 brane solutions [28] . This is only possible if the two boundary branes carry two tensions of the same sign. Here the opposite sign of the tensions forces us to consider two rotated branes with the same norm h There are three typical configurations that one may envisage. First of all the branes can intersect and the supergravity description breaks down at the intersection hyperplane. This is the generic case. One may also consider the case where the would-be intersection is beyond the AdS 5 boundary located at y = 0. Finally one may send the would-be intersection to infinity by choosing the two branes to be parallel. In the following we will focus on the parallel case.
Lorentz invariance violation
One can use either the description in terms of rotated branes or change coordinates to non-rotated boundary branes with a space-time dependent metric. In order to study the violation of Lorentz invariance it is convenient to use the non-rotated boundary brane picture after the change of coordinateŝ
For small brane tilting ξ 1,2 this corresponds to
where
The metric is not in the normal Gaussian form anymorê
This implies that the background can be described as obtained from the RandallSundrum background by switching on a non-trivial vev for the radion field
This is an explicitly Poincaré violating effect as it is x µ -dependent. More precisely, let us perform a Lorentz transformatioñ
where M µν is antisymmetric. The bulk metric is invariant provided
The Lorentz group is broken to SO(1, 2). Similarly translation invariancex µ = x µ + a µ implies that a µ h µ = 0, i.e. momenta p µ are only defined in the plane orthogonal to h p µ h µ = 0.
The Poincaré invariance of the bulk metric is the three dimensional Poincaré group. Another way of realizing that Poincaré invariance is broken springs from the induced metric on one of the boundary branes. Concentrating on the case where the brane is static with h µ = (0, 0, 0, h) the metric on the first can be written as
which is the conformal coordinate form of the AdS 4 metric with a negative cosmological constant Λ AdS4 = −3k 2 (1 − T 2 ) in four dimensional Planck units. The boundary metric admits a SO(2, 3) invariance with a SO(1, 2) subgroup of linearly acting Lorentz transformations.
Brane supersymmetry breaking
As well as Lorentz invariance violation in the bulk, supersymmetry on the branes is also affected. We consider brane matter in the form of four dimensional chiral superfields Φ living on the positive tension brane. The coupling of brane matter to the radion superfield springs from the Kähler potential [19] 
where Φ is dimensionless and S +S = 2R. Now the kinetic terms of the radion field in the Einstein frame reads
This leads to a soft supersymmetric breaking mass for the chiral multiplets
for large R. More explicitly, the soft breaking mass reads
As expected this mass term is Poincaré violating due to the explicit dependence of < R > on the space-time coordinates.
Massless gravitons
We will analyse the influence of the breaking of Poincaré invariance on massless gravitons. Let us first state the Israel junction condition on both branes
where h µν is the induced metric on the branes. This implies that
It is convenient to introduce the vielbein e 
The extrinsic curvature tensor is defined by
The perturbed metric is chosen in the bulk
This implies that to first order in n µν
The perturbed Israel junction conditions to first order in n µν read
(49) where we have explicitly used ∂ µ h ν = 0. A sufficient way of satisfying the junction conditions is to impose Neumann boundary conditions n a ∂ a n µν = 0 (50) on the branes. In the bulk the graviton modes read
where p 2 = 0 for massless excitations and n µν is transverse and traceless. In the massless case φ(y) is constant so that the Neumann boundary condition is automatically satisfied provided that
corresponding to the absence of translation invariance in the normal direction to the brane. The boundary condition implies then that
This is tantamount to saying that gravitons must be polarised along the brane, i.e. orthogonal to the brane normal vector. The necessary and sufficient analysis of the boundary conditions is detailed in Appendix B.
The condition ∂ µ h ν = 0 breaks the residual gauge symmetry
where 2ǫ µ = 0 to preserve the transversality of the metric perturbation and ∂ c ǫ c = 0 to preserve its tracelessness. We have to impose
reducing the number of gauge degrees of freedom. The tensor n µν has five independent components. Let us choose h = (0, 0, 0, h 3 ). By an appropriate SO(1, 2) Lorentz transformation one can put p = (ω, 0, ω, 0). The transversality condition imposes that n 0µ = n 2µ . Moreover (53) leads to n 3µ = 0. The residual gauge invariance with ǫ 3 = 0 allows one to put n 00 = n 01 = 0. The polarisation matrix vanishes altogether. One can also understand this result by noticing that the polarisation condition and the restricted gauge invariance imply that massless gravitons effectively behave like (1 + 2) massless gravitons. In three dimensions, a traceless transverse symmetric matrix has two independent degrees of freedom which are eaten by the two residual gauge invariances.
In conclusion we have seen that rotated and parallel branes are classical vacua of five dimensional supergravity with a non vanishing even part of the prepotential. Poincaré invariance is broken down to three dimensional Poincaré invariance implying that no massless gravitons propagate in the bulk.
Supersymmetry Breaking
In this section we will examine the spontaneous breaking of supersymmetry due to the detuning of the brane tension and the corresponding rotation of the boundary branes with respect to the AdS 5 bulk. We will first consider the Killing spinors and then the gravitini in the bulk.
Killing Spinors
The brane configuration preserves supersymmetry provided one can find Killing spinors compatible with the boundary conditions due to the Z 2 orbifold symmetry [16] . Imposing that the supersymmetric variation δψ 
where we are considering the bulk metric in conformal coordinates. This reduces to
written with flat space Dirac matrices now. Let us introduce the projectors
and the eigenspinors Ω
Now projecting (56) for a = 5 on both chiralities and considering the following ansatz ǫ
and therefore the profile of the Killing spinors
Notice that the two types of Killing spinors are either peaked on the first or on the second brane. Let us now use the remaining Killing spinor equations for
Projecting again on both chiralities and using the explicit dependence of ǫ ± on y, we find that
where ǫ 0 ± are space-time independent and we have omitted the symplectic indices. The corresponding four dimensional Majorana spinors are defined as follows :
and ǫ
Let us now examine the compatibility with the boundary condition (22), evaluated on both branes and depending on the matrices Γ = T (γ 5 − h µ γ µ ). After a SU (2) R rotation sending Q in the real (σ 1 , σ 3 ) plane and T Q+ √ 1 − T 2 Σ → σ 3 , we find that Q 
evaluated on both branes. This implies that
Thus only 1/4 of the supersymmetries are conserved by the vacuum for T < 1 parallel branes. The explicit appearance of the non-zero u µ signals a breaking of 4d Lorentz invariance too.
In the case T = 1 with non-zero light-like tilting vector h µ , we have on each brane instead of (66) :
This results in the (4d Lorentz violating) constraints
This also preserves 1/4 of the supersymmetries.
Gravitini in the bulk
Having realized that a generic tilted configuration breaks supersymmetry one can expect that the tower of Kaluza-Klein modes for the gravitini is going to be affected too. Let us consider the gravitino equation in the bulk first
where we consider the supersymmetric gauge ψ 5 = 0. This can be reexpressed as
for a = µ and the gamma matrices are associated to the Minkowski metric here. Let us perform as before a SU (2) R rotation to send Ω ± to
and decompose the symplectic spinors according to
where the two spinors ψ ± are four dimensional Majorana spinors. Due to the symplectic features of the five dimensional spinors, it is sufficient to consider the A = 1 equation only. Moreover we are looking for massive gravitini from the four dimensional point of view
Notice the change of chirality. The gravitino profiles satisfy
These are the same differential equations as for the supersymmetric RandallSundrum model [18] . Using the a = 5 equation we obtain the irreducibility constraint
for the massless gravitino ψ 
The discussion is exactly the same as for the Killing spinors. For proportional tilting vectors, 1/4 of them would survive the projection :
Combined with the Rarita-Schwinger equation connecting the two spinors ψ In conclusion we have found that parallel branes are vacua of spontaneously broken 5d supergravity preserving only 1/4 of supersymmetry and 3d Poincaré invariance.
The Low Energy Action

Radion instability
So far we have only considered parallel and rotated brane vacua of 5d supergravity and shown that supersymmetry is broken in that case. We have also discarded other vacua which lead to brane intersections where the supergravity description breaks down. In this section we will use the low energy effective action describing the dynamics of the moduli fields, i.e. the graviton and the radion in the bosonic sector. This allows one to analyse a wide range of possible vacua including time dependent configurations.
As an example, one can embed the two boundary branes in an AdS 5 -Schwarzschild background with black-hole mass µ and 3d sectional curvature q to find that the branes move according to
where H =ṙ/r. These backgrounds break supersymmetry too [29] . More generally the brane geometry is described within the projective approach [30] where the brane Einstein equations depend on the matter content of each brane and the projected Weyl tensor. The latter is bulk dependent and reduces to the black hole mass in the time-dependent setting. In general, one does not know how to describe the general solutions of the boundary brane Einstein equations. On the contrary when the matter content of the branes is a small perturbation compared to the brane tension of the Randall-Sundrum T = 1 case, one can use the moduli space approximation to understand the dynamics fully. This description is known to coincide with the projective approach as long as the deviation of the brane tension from the BPS (T = 1) case is small, i.e. when |T − 1| << 1 [31] . The fact that T = 1 leads to a non vanishing potential at low energy for the radion field. We will analyse the solutions of the equations of motion and show that either the configuration ends up in a cosmological big crunch singularity or the radion vanishes in a locus where the supergravity description breaks down.
In the moduli space approach, one considers the bulk metric
and the branes are located at 0 and R(x µ ). Integrating over the fifth dimension, the dynamics of the branes can be described by an effective action involving the radion and determined by the underlying supergravity Kähler potential [19, 20] 
where S is the radion superfield and S +S = 2R for its bosonic part. This specifies the action entirely up to the supersymmetry breaking potential induced by the detuning of the brane tensions. The potential term is
in the brane frame where the Einstein-Hilbert term reads
and R is the 4d curvature. In the Einstein frame the radion action reads
It is convenient to normalise the radion kinetic terms by defining
in such a way that the action becomes
Notice that φ varies between −∞ and zero. The potential is unbounded from below and always negative. Let us take the limit φ = 0 where the branes are infinitely far apart, i.e. the one brane system. The potential reduces to a cosmological constant
This cosmological constant for a one-brane system coincides with the boundary cosmological constant as obtained from the AdS 4 boundary metric
for |T − 1| << 1 and we have used κ . The two-brane system has a non trivial potential whose limiting value is equal to the one-brane cosmological constant.
Let us now show that cosmological solutions of this low energy action always reach a big crunch singularity. We focus on flat spatial sections. Looking for FRW solutions in the Einstein frame with scale factor a leads tö
in 4d Planck units and˙= d/dt. Notice thatä < 0 implying thatȧ decreases. Starting fromȧ > 0, the scale factor first increases before reaching a turning point whereȧ = 0, then entering a contracting phase withȧ < 0. Eventually the scale factor has to vanish as no minimum for a can exist. Hence cosmological solutions with a flat spatial section end up in a big crunch singularity. Let us now consider static configurations. In that case the radion varies in space. In particular solutions of the equations of motion will be such that infinite value of φ are favoured energetically. This implies that the two boundary branes are prone to intersect, i.e. R = 0.
Hence we have found that the radion dynamics is unstable. This is due to the unboundedness from below of the radion potential. For phenomenological models, this type of behaviour for the radion is particularly undesirable as it leads to large Lorentz violating effects due to the spatial dependence of the radion field. It also leads to a negative potential energy as compared to the observation of a small positive cosmological constant. Of course this prompts towards modifying the previous setting by including other sources of supersymmetry breaking which may compensate the negative radion potential that we have derived.
Charged Branes
So far we have considered neutral branes. Here we will consider charged branes. One can also introduce a bulk four-form C coupling to the branes
where Q is the charge of the positive tension brane denoted by+ (− is the negative tension brane). We have defined the field strength
and the dual field * F is a scalar, hence the wedge product is not necessary in the kinetic terms. The equations of motion are given by
implying that
By duality we find that
Notice that F is odd on the orbifold implying that its integral, i.e. the boundary terms, in the action vanishes identically. Substituting in the action and integrating over the extra-dimension we find
In the Einstein frame, this leads to a potential for the radion
The total potential energy including both the effects of detuning the brane tensions and the coupling to the bulk four-form reads
We find that there is a BPS bound
where the charge of the brane is equal to the deficit of brane tension. This case might be a necessary condition to allow the supersymmetrization of the 4-form action, once proper superpartners have been introduced, although we have not tried to ascertain this result. Below the BPS bound, the radion potential is unbounded from below. When the charge saturates the BPS bound, we see immediately that the radion potential vanishes altogether, i.e. the radion remains a flat direction. This signals the absence of force between the branes. Above the BPS bound the radion acquires a positive potential. The radion rolls down towards infinity where the branes are infinitely far apart. Doing so, the asymptotic dynamics are dominated by a cosmological constant. In conclusion, the brane system is not stabilised once supersymmetry is broken. In the most favourable case above the BPS bound, the two branes repulse each other.
Conclusion
We have presented results on the spontaneous breaking of supersymmetry in five dimensional supergravity with two boundaries. We have studied classical configurations corresponding to rotated branes with either singular intersecting branes or parallel branes preserving 1/4 of supersymmetry. We have then analysed the low energy effective action involving the coupling of the radion field to 4d gravity. The radion acquires a negative and unbounded from below potential. Hence the dynamics of the radion is intrinsically unstable leading to either big crunch singularities or intersecting brane configurations. The radion potential can be rendered bounded from below by coupling the boundary branes with a four-form. Above a BPS bound, the potential admits a minimum corresponding to infinitely separated branes. When saturating the BPS bound linking the charge to the deficit of tension, the radion has a flat potential. Above the BPS bound the branes roll away to infinity where the remaining cosmological constant is positive. The phenomenology of such a system is currently under study. 
The scale factor reads
The metric is isometric to the warped metric of AdS 5 ds 2 = e −2kx5 η µν dx µ dx ν + dx 
Under the previous mapping, the brane at z = 0 is mapped to a rotated brane
in conformal coordinates ky = e kx5 . Now let us try to include a second brane with negative tension at z = ρ, the boundary condition reads tanh(kρ − C) = −T
whose only solution is ρ = 0. Hence the metric with AdS 4 slicing at constant z is not a solution of the two brane system.
Appendix B: Massless Gravitons
Let us give a thorough analysis of the Israel matching conditions applied to the massless gravitons. We choose to work in the transverse traceless gauge where n µν (y, x µ ) = φ(y)e ip.x n µν .
The condition (49) reduces to
Contracting with p µ and using p 2 = 0 one finds that
together with h λ (p µ n λ ν + p ν n λ µ − p λ n µν ) = 0.
This equation can be treated separating two different cases.
p.h = 0
Let us choose two space-like orthogonal unit vectors e 
Using the residual gauge invariance with vector ǫ µ e ip.x such that
the gauge transformation n µν → n µν + p µ ǫ ν + p ν ǫ µ (117) one can fix β i = − 1 2 α i . Hence no massless graviton appears in the spectrum.
